We investigate the chiral phase transition of a QCD-like theory, based the shape change of the effective potential near the critical point. The potential is constructed with the auxiliary field method, and a source term coupled to the field is introduced in order to compute the potential shape numerically. We also generalize the potential so as to have two independent order parameters, the quark scalar density and the number density. We find a tri-critical point locating at (T, µ) = (97, 203) MeV, and visualize it as the merging point of three potential minima.
Introduction and Summary
The phase structure of quantum chromodynamics (QCD) at finite temperature T and quark chemical potential µ is actively investigated in the context of the collider experiments using ultra-relativistic heavy ions, which create the highly-excited QCD matter. 1 The chiral symmetry of QCD, which is spontaneously broken in the vacuum, will be restored at sufficiently high temperature and/or quark chemical potential. We investigate here the chiral phase transition of a QCD-like theory, focusing on the shape change of the effective potential near the critical point. The QCD-like theory is the renormalization-group (RG) improved ladder approximation for the Schwinger-Dyson (SD) equation of QCD. 2, 3, 4 This theory describes the dynamical chiral symmetry breaking, retaining the correct high energy behavior of the quark propagator. Using this theory and the low-density expansion, the pionnucleon sigma term and the quark condensate at finite density have been calculated successfully. 5 As for the effective potential, the Cornwall-Jackiw-Tomboulis (CJT) potential functional 6 has been used in several works for the study of dynamical chiral symmetry breaking. However, the interpretation of the CJT potential away from the extremum is not obvious. Thus, in order to investigate the nature of the chiral phase transition through the shape change of the effective potential, we construct the Landau potential 7 of the QCD-like theory 8 by using the auxiliary field method, in which the bilocal external field is introduced. We generalize the potential so as to have two independent order parameters, the quark condensate and the quark number density at fixed T and µ. By plotting the 2D contour map in the order parameter plane, the shape change of the potential near the critical point can be elucidated. We find a tri-critical point is located at (T, µ) = (97, 203) MeV, and visualize it as the merging point of three potential minima.
Basic Ingredients of a QCD-Like Theory

In the vacuum
In the QCD-like theory, first, we neglect the self-interaction between the gluons and integrate out the gluon fields, leaving the non-local interactions between the quark. The non-Abelian nature is taken into account in the running of the coupling constant. The generating functional
Here, ψ(p) is the quark field in the momentum space and p ≡ d 4 p/(2π) 4 . The indices, α, β, · · · correspond to the Dirac structure. We defined the kernel K as
where T a is the color su(N c ) generator and iD µν (p) is the gluon propagator:
Hereafter, we employ the Landau gauge, α = 0. The non-Abelian nature of the gluon interaction is treated in this model as the one-loop running of g: g(max(p 2 E , k 2 E )) with p E the momentum in Euclidian space. The divergence of g(p 2 E ) appearing at p E = Λ QCD is removed by introducing an infrared cutoff parameter p IF as 9
Here, N c (= 3) and N f (= 2) are the numbers of colors and flavors, respectively.
We next introduce the following bilocal auxiliary field for non-perturbative analysis:
This makes the action bilinear in the quark fields ψ and ψ. Then, integrating out ψ and ψ, we end up with Z = Dχ exp i Γ[χ] where the classical action reads
In the mean-field approximation the SD equation is obtained as the extremum condition for this classical action for χ. The existence of a non-trivial solution for χ indicates the dynamical breaking of the chiral symmetry. In the vacuum this solution is expressed as χ αβ = Σ αβ (p)δ 4 (q)(2π) 4 with the mass function Σ, and the effective potential
Then the SD equation, δV /δΣ = 0, in the improved ladder approximation is written
Although the Σ αβ (p) has the general form Σ(p 2 )δ αβ + Σ v (p 2 )/ p αβ in the vacuum, we can set Σ v (p 2 ) = 0 in the Landau gauge (α = 0). After carrying out the Wick rotation and the angle integration, the SD equation becomes
where
Order parameters
The quark condensate with the four momentum cutoff Λ is defined as
This bare value at the scale Λ is converted into the value at the lower energy scale µ (e.g., 1 GeV) via the renormalization group equation
Next, the pion decay constant f π is estimated in terms of the mass function Σ(p 2 ) by utilizing the Pagels-Stokar formula:
We fix the value of Λ QCD here so as to reproduce the empirical value of f π .
At finite temperature
We use the imaginary time formalism to extend the QCD-like theory to the case with finite temperature and chemical potential, making the following replacement:
where ω n = (2n + 1)πT (n ∈ Z) is the Matsubara frequency for the fermion. The mass function Σ αβ (ω n , p) at finite T and µ decomposes into Σ(ω n , |p|)
We assume here Σ s = Σ v = 0 for simplicity for our purpose of demonstrating the usefulness of the effective potential in the QCD-like theory. Further, we use a covariant-like ansatz 9 for the mass function:
where the frequency and the momentum appear in the combinationp
Landau Potential
Here we explain a method that we use to construct the functional form of the effective potential away from the extremum. A standard way to assess the potential form is to apply an external source which is coupled to the field linearly. It is recognized, however, that using this approach we cannot study non-convex potentials, which is an important feature near the phase transition point. We thus apply an external source field J(p, k) which is coupled to the square of the self-energy as
where V [Σ] has been defined in (7) . By imposing the extremum condition for V [Σ, J] with respect to Σ(p), we derive the SD equation with the source field J and have a solution Σ J (p). The effective potential V for the configuration Σ J (p) is written as
Near the critical points we compute V [Σ J ] for a family of Σ J obtained through a particular set of the function J(p, k). Here, among infinite possibilities, we choose one natural choice, J(p, k) = −cK −1 (p, k), with a parameter c, and study the shape of the effective potential along this variation.
In the numerical evaluation of the effective potential, we split
. Here, the difference between the free energies
is finite and can be evaluated numerically. The last term V [0] = i p tr ln / p is the potential of a free massless quark gas and is divergent due to the vacuum fluctuations. In our regularization to remove this divergence, we replace the last term V [0] with the pressure P free of a free massless quark gas:
In order to introduce another order parameter, the quark number density ρ, we first replace the variable µ with the quark number density ρ through the usual Legendre transformation,
with ρ ≡ −∂ V ( ψ ψ , µ, T )/∂ µ. Then, by adding a coupling energy with an external potential ν to Eq. (17), we define a new effective potential as
which may be interpreted as a Landau potential. 10 Note that ρ and ν are independent variables here. When the condition ∂V /∂ρ = µ−ν = 0 is imposed, this new potential V coincides with the original potential: V ( ψ ψ , ρ(µ); µ, T ) = V ( ψ ψ ; µ, T ).
Numerical results
We plot Fig. 1 (a) at µ = 0, 100 and 300 MeV for several values of T and in Fig. 1(b) at T = 80 and 100 MeV with several values of µ. As seen in Fig. 1(a) , a second-order transition occurs in the range T = 100 -120 MeV in the cases with µ = 0 and µ = 100 MeV. At µ = 300 MeV, however, a first-order transition occurs between T = 75 MeV and 80 MeV. Similarly, in Fig. 1(b) , a first-order transition is seen to occur when the chemical potential is changed between µ = 280 MeV and 290 MeV at low temperature (T = 80 MeV), while the transition is second order at fixed T = 100 MeV. In Fig. 1(c) , we plot the contour map of the Landau potential given in (18) at several values of µ with fixed T , namely T = 100 MeV (left) and T = 80 MeV (right). The vertical axis represents the quark condensate ψ ψ /Λ 3 QCD , and the horizontal axis represents the quark number density in units of the nuclear saturation density ρ 0 . It is shown that a second-order transition occurs in the left panels of Fig. 1(c) . At µ = 0, the two minima are positioned symmetrically in the ρ-ψ ψ plane at ρ = 0 with finite values of the quark condensate, ψ ψ . As the chemical potential increases, the two minima approach each other for finite ρ, and then fuse continuously to form a single minimum at ψ ψ = 0 and finite ρ. At lower T (in the right panels of Fig. 1(c) ), a new local minimum appears at ψ ψ = 0 as µ increases, and three local minima exist in a certain range of µ. These three minima become energetically degenerated at the critical point, and we observe a first-order chiral phase transition. Note that a tri-critical point is located at (T t , µ t ) ≃ (97, 203) MeV, where these three minima merge.
